Options depending on the forward skew are very popular. One such option is the forward starting call option -the basic building block of a cliquet option. Widely applied models to account for the forward skew dynamics to price such options include the Heston model, the Heston-Hull-White model and the Bates model. Within these models solutions for options including forward start features are available using (semi) analytical formulas.
Introduction
The aim of this paper is to derive closed form expressions for the forward characteristic function of time-changed exponential Lévy models. Our modeling assumption are base on Lévy processes.
A cadlag stochastic process (X t ) t with values in R d such that X(0) = 0 is called a Lévy process if it possesses the following properties:
1 Independent increments:For every increasing sequence times t 0 , . . . , t n , the random variables X t0 , X t1 − X t0 , . . . , X tn − X tn−1 are independent 2 Stationary increments: The law of X t+h − X t does not depend on t.
3 Stochastic continuity: ∀ > 0, lim →0 P (|X t+ − X t | ≥ ) = 0
We consider nancial models of the following type:
Let (X(t)) t be a Lévy process. Then, the evolution of an asset is given by S(t) = S(0) exp(X(t)) S(0) = s 0 (1.1)
If we write the (1.1) in logarithmic form we have Z(t) = Z(0) + X(t) Z(0) = z 0 := ln(S(0))
In this paper the underlying S t is assumed to follow an exponential time-changed Lévy model of the form
(1.3)
Here r denotes the risk free rate and d the dividend yield d. We assume that d = 0. The underlying S is driven by the Lévy process X time-changed by Y . If Y (t) = t we end up in the class of Lévy models. To make the asset price process into a martingale we can apply the Esscher transform technique or the mean adjustment technique. See Schoutens (2003) for these techniques. We assume that the time-change Y is given as the integral of a positive stochastic process y like
y(s)ds.
(1.4)
This time-change accounts for the concept of stochastic volatility. Several authors use such models to price exotic options, see for example Schoutens, Simons and Tistaert (2003) , CARR AND ALL.
Recently we have also shown how to use transition probabilities, and characteristic functions, Kienitz (2008b) , to compute stable Greeks for path-dependent options with discontinuous payo functions using Monte Carlo methods for a processes of the form 1.3. Furthermore, analytic formulas based on the characteristic function and the Fourier transform of the option's payo function have been introduced by Lewis (2001) to eciently price options.
The Fourier transform is dened as follows: Let X be a stochastic process than
is the Fourier transform or the characteristic function corresponding to X. We have:
and if the measure P X has a density f with respect to Lebesgue measure than
The characteristic exponent given (X t ) t , often used in the sequel, is given by:
For an European option with payo function w and a stochastic asset price process Z = log(S 0 ) + (r − d)T we have due to results from Lewis (2001) :
In equation ()ŵ denotes the Fourier transform of the option's payo given by:
In the case of a European Call this expression is nothing but
Once the forward characteristic function is available we are able to eciently compute the forward start values corresponding to this formula.
In this paper we consider exponential Lévy processes with integrated CIR and Gamma OrnsteinUhlenbeck time-change.
Take a Lévy process (X t ) t with characteristic exponent ψ X . Firstly, we consider a Cox-IngersollRoss (CIR) process given by:
This process is mean reverting, κ is the speed of mean reversion, η is the long-run mean rate and λ controls the volatility of the time-change, see Cox, Ingersoll and Ross (1985) for further details.
Besides the CIR process, there was another approach by Carr, Geman, Madan and Yor (2003) .
They changed time via an Ornstein-Uhlenbeck (OU) process. More explicitly, they took a nongaussian OU process which has its origin in 2001 (Barndor-Nielsen and Shephard). It is given by:
In general z = {z t : t ≥ 0} can be any Lévy process called the background driving Lévy process (BDLP). Here we assume it is a Compound Poisson process and the marginals of y(t) ∼ Γ(a, b). The characteristic exponent for the Variance Gamma (VG) process is given by:
(1.11) For the Normal Inverse Gaussian (NIG) process it is given by:
(1.12)
In the sequel we derive the forward characteristic function for the proposed time-changes and an arbitrary Lévy process and an integrated CIR process. Then, we consider the case of a Γ-OU time change already discussed by Kassberger and Schmidt (2006 
Derivation of Forward Characteristic Function
To x notation we take t * to be the forward start time and T the maturity of the option. Since we assume X and Y to be independent we nd for the characteristic function of Z t ≡ X Yt :
In the above expression ψ X denotes the characteristic exponent of X which is φ Xt (u) = exp(tψ X ).
In order to apply the FFT techniques proposed by Lewis (2001) or that of Carr and Madan (1999) , we need to derive the characteristic function of the log forward return of the underlying price process which is given by:
In the following we derive the forward characteristic function. To this end we take an arbitrary Lévy process X with characteristic exponent ψ X . For a time-change based on the CIR process ??
we compute the characteristic function corresponding to this process. It is given by:
We always assume y 0 to be 1. The actual time-change Y which is the integrated CIR process y.
It has characteristic function given by:
Here we used γ(u) = √ κ 2 − 2λ 2 iu. Now, we calculate φ s t * ,T (u). To this end we set
The rst step is based on the tower property of conditional expectation. We set:
This can be simplied and we get:
where φ y t * Y T −t * is the characteristic function of Y evaluated at T − t * with initial value y t * . We assume that the latter expression is of the form
(2.14)
With respect to (2.7), we nd:
.
(2.16) Thus, we have:
with φ y t * the characteristic function of y evaluated at t * , see also (2.5). Finally, in the last three sections we give the explicit expressions of the forward characteristic functions for the CIR-VG, CIR-NIG, Γ-OU-VG, Γ-OU-NIG, VG and NIG model.
2.1
Forward Characteristic Function for Lévy Processes and CIR Time-
Depending on the Lévy process X we have
The characteristic function for X Yt at time T evaluated at -i is
and nally we get:
(2.25)
Forward Characteristic Function for Lévy Processes and Gamma-OU Time-Change
We consider the forward characteristic function of a Lévy process being time-changed with the process from equation (1.10). In this case the characteristic functions for ΓOU process and the integrated process are:
We follow the same procedure as above and obtain:
Again we use the characteristic exponent and the characteristic function corresponding to Z and we nd:
Finally, we get:
(2.32)
For the sake of completeness we give the forward characteristic functions for the Variance Gamma and the Normal Inverse Gaussian model.
VG Model without Time-Change
For the VG model we have: 
(2.38)
Results
We illustrate the use of the forward characteristic function by comparing the prices of call options with the prices obtained by applying Monte Carlo simulation. We have chosen to price a call option with maturity of one year starting today, in one, two, three and ve years time. Since we base our pricing on the moneyness the process starts at 1. We have chosen r = 4% and d = 0%.
We have chosen to price a European call option maturing in one year from the option start date.
The start dates are today, one year, two years and ve years. The corresponding prices are labeled as Price1, Price2, Price3 and Price4.
We have applied the standard Fourier transform method together with the derived characteristic functions to price the options. For the Monte Carlo simulation we have used 1.000.000 paths to achieve a small standard error. The Monte Carlo prices can also be seen as a backtest of the derived forward characteristic function.
VG
We use the parameters C = 1, 2022, G = 4, 2276 and Y = 18, 2317. The derived forward characteristic functions can eciently be applied to pricing problems involving forward start options using the Fast Fourier Transform (FFT) as suggested by Lewis (2001) . To this end the forward implied volatility surface can be considered for risk management and option calibration. In a future paper, Beyer and Kienitz (2009) , we show how the choice of the timechange process aects the shape of the implied forward volatility surface.
An in-depth study of the forward implied volatilities can be done using the described techniques. This is interesting for calibration, risk management and pricing in the framework of time-changed Lévy processes.
